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Chapter 5

Trick of the tail

This chapter is organized as follows. In Section 5.1 we define the model
and copula we are working with. We also provide the necessary theoret-
ical results used later in the analysis. Section 5.2 describes the data and
estimation issues. Section 5.3 contains the empirical results. Section 5.4
concludes.

5.1. THE MODEL

In this section we discuss the empirical motivation at hand, as well
as the modeling procedure. First, in Section 5.1.1 we introduce the con-
cept of Economic Capital and its relation to the Basel II style of risk
management. Section 5.1.2 discusses the factor approach to modeling
large portfolios of defaultable assets. This approach allows us to circum-
vent the curse of dimensionality inherent to the large-portfolio context.
After the first dimension reduction, we focus on properly capturing the
extreme dependence structure. As we advocate in Section 5.1.3, copu-
las are an appropriate tool for that purpose. They allow us to abstract
from the marginal properties of returns and focus on the joint depen-
dence structure. Finally, the grouped-t copula is introduced in Section
5.1.4.

5.1.1. Economic Capital

In risk management, a quantity of crucial interest is the loss amount
that a financial institution will suffer on average on its credit positions
within a given time horizon. This concept is quantified by the Expected
Loss (EL). Due to randomness in the mechanism generating defaults
within the portfolio, the actual loss fluctuates over time. The associated
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uncertainty can be quantified by analyzing the pdf of the aggregate
portfolio loss. The Economic Capital (EC) at confidence level 1 − α is
defined as the (1−α) quantile of the loss distribution minus the expected
loss.

The choice of the α parameter is not arbitrary. It can be related to
the desired debt rating of the financial institution. For a more extensive
review of EC and related concepts, especially in connection with Basel
II, the reader is referred to van Lelyveld [2005].

In practical implementations, the pdf of the aggregate loss distribu-
tion is difficult (if at all possible) to determine analytically. Therefore,
simulation based methods are used.

5.1.2. Mapping stock to indices

As discussed in the introduction, the main reason for introducing dis-
tributions other than the multivariate Gaussian is to enhance risk mea-
surement for asset portfolios. To avoid the curse of dimensionality, we
start from a linear factor model to link changes in creditworthiness with
industry returns. This factor model approach is often used in the credit
risk literature, see for example Gordy [2000] and Schönbucher [2001].

Consider a portfolio of defaultable counterparties. Each element in
the portfolio is characterized by its – observable – asset return Ri. We
assume the dependence structure of the Ri’s can be represented through
a set of common factors Xsi , where si ∈ {1, . . . , s}, with si representing
the country and/or industry of counterparty i. The factor model we
consider is

Ri = αiΦ−1(Xsi) +
√

1− α2
i εi . (5.1)

The mapping Φ−1() is the inverse Gaussian cdf. It is applied to Xsi

to ensure that Ri has a marginal Gaussian distribution.
At this point, clarification of the concepts used further in the the-

sis seems appropriate. First, we have the asset returns Ri. A typical
credit portfolio can be very large (multiple Ri), so direct modeling can
be difficult and we strive for reducing the dimension. This is where
the systematic factors Xsi – in our case representing country-industry
combination indices – are needed.

We introduce a factor model, where we assume all companies belong-
ing to the same country and industry are exposed to the common risk
(represented by the factor X) and the idiosyncratic risk. The coefficient
αi ∈ [0, 1] determines the relative weight of the common risk factor and
the idiosyncratic, or firm specific, risk. If αi is close to one, systematic
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effects dominate the portfolio losses. Conversely, if αi is close to zero,
asset values move independently. The factors Xsi are an observable time
series, and the series {Xsi} and {εi} are mutually independent.

The remainder of this Section, as well as 5.2 is dedicated to specifying
an appropriate model for the joint dependence structure between the
systematic factors Xsi . For that purpose, we use the copulas introduced
therein, so the output vector has uniform marginal distributions.

At this stage, we achieve a dimension reduction already – instead of
modeling a vector R directly, we focus on the lower-dimensional vector of
return indices X. Once this is specified, we return to the representation
(5.1) to model the Economic Capital in Section 5.3.3.

5.1.3. Copulas - crash introduction

The focus of this chapter is on extremal dependence and co-movements
of the risk factors behind a portfolio of defaultable assets. Since our main
objective is properly capturing the extreme behavior of asset values, we
introduce a copula family called the meta-t distribution.

In this section we recall basic definitions and results regarding n-
dimensional distribution functions and copulas. For a comprehensive
introduction the reader is referred to Joe [1997]. A function C : [0, 1]n →
[0, 1] is an n-dimensional copula if it is the cumulative distribution func-
tion

C(u1, . . . , un) = P (U1 ≤ u1, . . . , Un ≤ un) (5.2)

of a random vector U = (U1, . . . , Un)′ with standard uniform marginals
Ui. The copula corresponding to an arbitrary random vector X with
continuous marginal distribution functions Fi is the distribution function
of the random vector1

(
F1(X1), . . . , Fn(Xn)

)
.

The joint distribution of X can be recovered from the copula and the
marginal distributions by Sklar’s theorem.

Copulas allow the use of various dependence measures in a direct
fashion. This is one of their main advantages in this context. Our
main interest lies in the coefficients of tail dependence. These quantify
the strength of association between extremal values. Given a random
vector (X1, X2) with copula C and its probability integral transform

1As is well known, for random variables with continuous cdfs, the variables Fi(Xi)
are uniformly distributed
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(U1, U2) = (F1(X1), F2(X2)), the upper tail dependence coefficient λU is
defined as:

λU = lim
u↗1

P (U1 > u|U2 > u) = lim
u↗1

1− 2u + C(u, u)
1− u

, (5.3)

provided that the limit exists. If λU ∈ (0, 1], then X1 and X2 are said to
be asymptotically dependent in the upper tail. If λU = 0 they are said to
be asymptotically independent. Analogously, the lower tail dependence
coefficient is given by

λL = lim
u↘0

P (U1 ≤ u|U2 ≤ u) = lim
u↘0

C(u, u)
u

, (5.4)

provided that the limit exists.

5.1.4. Grouped t copula

In this section meta-t distributions are presented. First, we introduce
a general mixing construction along the lines of Demarta and McNeil
[2005], from which different meta-t distributions are derived as special
cases. Let Z be a normal random vector with mean zero and correlation
matrix P and let U be a standard uniform random variable independent
of Z. We define a random vector X as

X = µ +



√

W1

. . .√
Wn


¯ Z , (5.5)

where µ is a vector of constants and ¯ is a Hadamard product of the
two vectors, resulting in a vector. The random variables Wi are defined
through the relationship

Wi
d=

νi

Gi
, (5.6)

where Gi are perfectly dependent χ2-distributed random variables. The
comonotonicity of the variables Gi is easily obtained via the following
construction: if U is a standard uniform variable and Qχ2

νi
is a quantile

function of the χ2(νi) distribution, then the random variables

Gi = Qχ2
νi

(U) (5.7)

have Kendall’s τ equal to one. This construction method is generic
enough to incorporate well-known distributions frequently used in both
academic and industry modeling, like the Gaussian or student t. At the
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same time, it is flexible enough to permit heterogeneity in dependence
between groups of coordinates within the random vector of interest.

The Gaussian copula is the copula derived from the multivariate
Gaussian distribution. It is obtained as a special case of (5.5) by us-
ing degenerate mixing variables Wi such that P (Wi = 1) = 1 for
i = 1, . . . , n. Equivalently, one can consider νi ≡ ∞. By construction,
this copula has no asymptotic dependence in the tails of the distribution.
This is a severe drawback from an empirical point of view. In risk man-
agement applications, we are mostly interested in the joint occurrence
of extreme realizations. Since the Gaussian copula assumes those to be
independent, it is unable to capture clustering of very high or very low
values.

The regular t distribution with ν degrees of freedom is obtained by
setting νi ≡ ν. For two coordinates Xi,Xj , the t copula yields equal
upper and lower tail dependence coefficients:

λU = λL = 2tν+1

(
−
√

ν + 1
√

1− ρij√
1 + ρij

)
, (5.8)

where ρij is the correlation between Xi and Xj . While certainly allowing
for more flexibility than the Gaussian copula, the t copula still has an
important drawback from a practical point of view. In particular, the
multiplicative shock represented by the mixing variable W is present in
all the components of the random vector with the same magnitude.

The grouped t copula has been proposed by Daul et al. [2003]. It
is not a new distribution per se, but rather a construction method. We
merge various t-distributions in such a way that different subvectors have
different levels of tail dependence. If we split the original data vector
into G homogeneous clusters of sizes g1, . . . , gG, where the sizes satisfy
the condition

G∑

l=1

gl = n ,

then the data vector can be represented as:

X = (X1, . . . , Xg1 , Xg1+1, . . . , Xg1+g2 , Xg1+g2+1, . . . , Xn) .

Subsequently, the grouped t copula can be written using the mixture
representation

X = µ +
(√

W1, . . . ,
√

Wg1 ,
√

Wg1+1, . . . ,
√

Wg1+g2 , . . . ,
√

Wn

)′
Z ,

(5.9)
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where we stick to the notation used in (5.5).
The extreme dependence is characterized as follows. Assume we

have two coordinates Xi and Xj belonging to subgroups characterized
by degrees of freedom νi and νj , respectively. If νi 6= νj , then the tail
dependence coefficient is given by

λ = 1−
∫ ∞

0
Φ


 lνi,νj t

νj/(2νi) − ρij

√
t√

1− ρ2
ij


dχ2

νj
(t) , (5.10)

where Φ is a cdf of a standard normal distribution, χ2
ν is the distribu-

tion function of a χ2 distribution with ν degrees of freedom, ρij is the
correlation between Xi and Xj , and the constant lµ,ν is given by

lνi,νj =


 Γ

(
νi+1

2

)

Γ
(

νj+1
2

)2
νi−νj

2




1
νi

.

If νi = νj , the above display simplifies to (5.8). For a proof of this result,
the reader is referred to Banachewicz and van der Vaart [2007].

5.2. DATA, IMPLEMENTATION AND ESTIMATION

Our main focus is the problem of default clustering, resulting from
extreme comovements of the assets of defaultable counterparties. As
our focus is on extreme clustering, we take the simplest and least re-
strictive approach for modeling the means, correlations and marginal
distributions of the returns. Both marginal dynamics and correlation-
based models have been analyzed in the literature, as mentioned in the
introduction. For that reason, we take a somewhat simplified view to
these problems and focus on the extreme dependence. In case of our
meta-t models, the extreme dependence is captured by the degrees of
freedom parameters.

5.2.1. Data

As mentioned before, we switch to the uniform representation of the
univariate marginal distributions. This is in order to focus on the joint
dependence structure represented by the copula parameters. We use a
semiparametric approach and assume the marginal cdf’s are continuous.
First, for each region-industry index Xi we estimate the cdf by the em-
pirical cdf F̂i. Formally, we have the following: each region-industry
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index Xi is a time series:

Xi = {Xi,t : t ∈ T} ,

where T = {1, . . . , T}. The empirical cumulative distribution function
F̂i for this index is defined via:

F̂s =
1
T

T∑

j=1

1Xi,j≤s .

Each of these estimated functions is then applied to the original data

ûi,t = F̂i(Xi,t) .

Since this method is based on empirical distributions, we call it semi-
parametric canonical maximum likelihood (CML). Bouye et al. [2000]
show that the procedure gives asymptotically correct estimates of the
copula parameters. The reason for this approach to modeling the data
is that our focus is on the unconditional joint distribution of the risk
factors, in particular, the clustering of extreme realizations.

Alternatively, one could model the univariate coordinates using indi-
vidual ARMA-GARCH or SV type models and then use filtered residu-
als to obtain ûi,t. Under this approach, the marginal temporal dynamics
are taken into account. These, however, are not the focus of our current
analysis.

We refer to the sample {ûi,t} as the pseudo-copula data. Given these,
we can estimate the copula parameters through Maximum Likelihood
Estimation:

θ̂ = argmax
θ

T∑

t=1

ln cθ(û1,t, . . . , ûn,t) , (5.11)

where c is the copula density and θ gathers all the copula parameters.
The functional form of the copula density for the grouped t copula is
given in (5.12).

For practical purposes of the problem analyzed in this Chapter, it is
not unreasonable to assume that ût are independent – although formally,
objections could be raised to that claim: a univariate transform, which
itself depends on the underlying data, can not fully remove serial depen-
dence from the data. However, we aim at capturing the joint “spatial”
dependence structure and proper modeling of the unconditional distri-
bution of the random vector. Therefore, following authors like Bouye
et al. [2000] and Chollete and Heinen [2006], we treat ût as independent
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within our model framework, as this allows us to focus on the main
problem.

The parameter estimate θ̂ can thus be viewed as the ML estimator
given the observed margins, without any parametric assumption on the
form of the marginal distributions. For a more detailed discussion of
alternative approaches to modeling marginal distributions in the copula
context, the reader is referred to Cherubini et al. [2004].

Each meta-t distribution is parametrized by the vector of degrees of
freedom parameters (d.o.f.) ν, vector of means µ and the scaling matrix
Σ. As we focus on the extreme behavior, represented by the degrees of
freedom, we want to separate the tail effects from those occurring in the
middle of the distribution. This way, we can fully concentrate on the
extreme tail behavior by modeling differences in the d.o.f. parameters
ν.

5.2.2. Estimation

Assuming we have an estimate Σ̂ of the correlation matrix, the d.o.f. pa-
rameter ν of the grouped-t copula can be estimated per group: a degrees
of freedom parameter νs associated with cluster s is a result of fitting
an ordinary t copula to the series belonging to cluster s. See Demarta
and McNeil [2005] for a discussion and consistency and efficiency issues.

Fixing Σ has an important practical advantage: it makes the esti-
mation procedure easier. In principle, we could estimate both the cor-
relation matrix and the degrees of freedom vector using the ML. This,
however, becomes cumbersome in high dimensions. We thus start by
estimating Σ, the correlation matrix of X, and plug it into (5.11) to
estimate the remaining parameters. Caution in interpretation is needed
at this stage: in general, the correlation matrix of the grouped copula
with different νs per cluster is not the same as the correlation matrix
of the ordinary t copula with νs ≡ ν. However, our estimation method
relies on fitting separate t copulas per group, and corresponding blocks
of the joint correlation matrix are carried over to particular subgroups.

Two popular choices for Σ are a sample correlation matrix or a trans-
formed version of the Kendall’s tau coefficient matrix. See Demarta and
McNeil [2005] for a discussion. We pick the former approach and use
thus estimated matrix Σ̂ as a basis for generating via (5.5) samples from
different grouped copulas in the simulation study in Section 5.3.3. The
idea is the following: let X be defined according to the mixture construc-
tion (5.5). We want to keep the correlation matrix Σ of X fixed across
different grouped models to make them comparable (so that the only
difference between them stems from the vector of degrees of freedom).
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This means, that the correlation matrix P of the “underlying” normal
vector needs to change.

Within this setting, we can estimate the most general model, which
shall be referred to as “individual” in the remaining part of this paper:
each series is treated as a 1-element cluster. Then we move to the two
grouped copulas of interest: region and industry. The regions copula
defines clusters as regions or countries. The industry copula does the
same for industry branches. For the sake of comparison, we also estimate
the ordinary t and Gaussian copula models.

The “individual” model nests both the industry- and country-based
grouped copulas as special cases. Each of those nests the ordinary t
copula, from which a Gaussian copula can be obtained as a special case.
This implies, that we can test the different specifications in a standard
way.

In order to evaluate the likelihood of a grouped t-copula, we make
use of (5.5). The pdf of the grouped t variable is given by

c(u) =
∫

ϕ(X, Σ̃(u))du ,where Σ̃(u) = W (u)Σ̂W (u) , (5.12)

where ϕ is the pdf of the Gaussian distribution with covariance matrix
Σ̃(u). The vector W (u) is defined in (5.6) and (5.7). Note that this
only requires a one-dimensional integral, which can be easily computed
numerically.

5.2.3. Application

As we are interested in examining the relationship between the tail ef-
fects coming from regions and industries, we build on a similar decom-
position as Nijman et al. [2004] use for expected returns. We construct
a regression model based on dummy variables, allowing us to investigate
the effect that country and industry association have on the extreme
behavior of the indices. Let ν denote a vector of degrees of freedom
coefficients for the “individual” model. Let m be the number of regions,
and n the number of industry sectors in our classification, respectively.
To test the relative contribution of industries and countries to tail clus-
tering, we consider the linear decomposition:

νi = V0 +
m−1∑

c=1

αcδc,ci +
n−1∑

s=1

βsδs,si + ηi , (5.13)

where the variables δij take value 1 if i = j and 0 otherwise. The
coefficients αc and βs are associated with country and industry effects,
respectively. We recover the grouped-t model for industries by setting
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αc ≡ 0, or for countries by setting βs ≡ 0. We drop one region and
one sector to avoid collinearity issues. Hence, the coefficients need to be
interpreted as relative to the combination of the dropped region / sector
(represented by the intercept).

To obtain standard errors of α̂c and β̂s, we use a non-parametric
bootstrap. First, we sample with replacement from Xit a sample X

(b)
it .

Next, we estimate an “individual” copula model for each of these sam-
ples. Finally, we run the regression (5.13) and obtain distributions of
α̂

(b)
c and β̂

(b)
s to compute standard errors and confidence intervals.

5.3. EMPIRICAL RESULTS

5.3.1. Joint asset distribution

The data we use are daily sampled returns of the Industry Classification
Benchmark (ICB) indices for the period Jan 2000 - Jun 2006. These
indices were introduced by Dow Jones Indexes and FTSE. At the time
of our analysis, they cover over 40,000 companies in 67 countries from
the FTSE and Dow Jones universes. For each company, four different
classification layers are provided: industries, supersectors, sectors and
subsectors. In our analysis we use the 39 sectors for each of the 12
countries. This level of detail provides a balance between the number of
possible outcomes of the classification and the number of constituents
in each index. For more information on e.g. the classification rules see
http://www.icbenchmark.com.

For the sake of comparison, we performed the aggregation of the
portfolio of interest with respect to two different criteria: based on world
region and industry sector. The grouped-t copula was estimated on each
split. The results of the estimation procedure are given in Tables 5.1
and 5.2, respectively.

The d.o.f. for the “ordinary” copula (TOTAL in Tables 5.1 and
5.2) equals 17.71 and is higher than the average value for each cluster.
This is due to the fact that this model attempts to capture the entire
dependence with a single parameter. As a result, extreme co-movements
in opposite direction are averaged out, leading to a higher value of the
d.o.f. parameter (and, subsequently, to lower tail dependence).
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Table 5.1: Estimated degrees of freedom parameters for different
sub-groups in the region split

Region DoF - daily
Latin America (A3) 12.87
Australia (AU) 11.67
Canada (CA) 10.08
Europe (EU) 7.56
Hong Kong (HK) 6.32
Japan (JP) 6.22
South Korea (KR) 7.70
New Zealand (NZ) 9.85
Asia (P3) 9.18
USA (US) 5.99
Global (WW) 8.72
South Africa (ZA) 10.33
TOTAL 17.71

In the region split, the leading world economies (roughly, G8 minus
Russia) are characterized by a small d.o.f. parameter. This clearly
indicates, that indices describing those countries have significant extreme
dependence. Latin America, by contrast, exhibits a smaller degree of
comonotonicity in the extremes (higher d.o.f.).

We also analyze how the extreme dependence changes among top
EC contributors when we move from an ordinary copula to a grouped
one.

First we analyze the region clustering. We focus our attention on
the regions most relevant from the diversification point of view of the
ABN AMRO credit portfolio. For each region, we compute the tail
dependence coefficient within that region under an ordinary t, as well as
the grouped copula. We take the correlation coefficient ρ equal to the
averaged value within that region.

As could be expected, we observe an increase in extreme dependence.
The results are reported in the second column of Table 5.1, expressed
as the ratio of λ’s under the two models. This shows very clearly, that
introducing the variation among groups can increase the dependence
among groups dramatically - especially, that the joint d.o.f. from the
ordinary copula is higher than all the coefficients characterizing partic-
ular regions.

In case of the sector split we can calculate the increase in tail de-
pendence between the ordinary and the sector grouped-t copula and the
results are reported in Table 5.2. We observe a similar effect as with
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the region split (the tail dependence is increasing), but the effect is less
prominent than in the previous case.
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Table 5.2: Estimated degrees of freedom parameters for different
sub-groups in the sector split

Region Daily
Aggregate (I38) 8.16
Banks (I31) 8.24
Chemicals (I03) 11.54
Construction & Materials (I07) 9.33
Electric Utilities (I29) 7.94
Electronic & Electrical Equipment (I10) 6.21
Fixed Line Telecommunications (I27) 7.03
Food & Drug Retailers (I23) 12.19
Forestry & Paper (I04) 9.87
Gas, Water & Multiutilities (I30) 9.94
General Financial (I35) 9.30
General Industrials (I09) 8.13
General Retailers (I24) 7.38
Health Care Equipment & Services (I21) 8.23
Household Goods (I17) 10.89
Industrial Transportation (I12) 6.42
Life Insurance (I33) 9.69
Leisure Goods (I18) 14.74
Media (I25) 5.84
Nonlife Insurance (I32) 9.18
Personal Goods (I19) 8.23
Real Estate (I34) 10.88
Support Services (I13) 10.12
Wireless Communications (I28) 6.11
Other 10.30
TOTAL 17.71

5.3.2. Testing competing models

Since all the models discussed here can be obtained as special cases of
the general grouped construction, we can use likelihood ratio tests to
evaluate the quality of fit. A crucial quantity is the log-likelihood as-
sociated with each model, see Table 5.3. First, we test the Gaussian
copula against the t, given a common correlation matrix. This is equiv-
alent to a hypothesis H0 : νi ≡ ν i = 1, . . . , N . The difference
between log-likelihood is so big, we can easily reject the basic model.
The corresponding quantile of the χ2

1 distribution equals 3.81.
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Next, we compare the ordinary t copula (1 parameter) with a region
grouped copula (12 parameters). This means testing the hypothesis:
H0 : νci ≡ ν. The test statistic again exceeds the critical value of 19.67
by two orders of magnitude. A similar situation takes place for the
sector grouped copula. We can also test the individual model against
the region grouped copula:

H0 : νi = νsi

or sector grouped copula,

H0 : νi = νci .

The null hypothesis of a restricted model is rejected very strongly in
each case. This means, that if we were to make a decision solely on the
basis of the likelihood fit, the “individual” model would have been the
best one.

Table 5.3: Log-likelihood for competing models

Model LL
Individual 376432.1
Grouped region 374590.1
Grouped industry 374034.3
Ordinary 370127.4
Gaussian -402067.8

5.3.3. EC simulation

In order to illustrate the practical impact of our findings, we apply our
methodology to show how the EC changes in a controlled simulation
setting. We analyze how the EC is changed by the underlying copula
distribution of the risk factors. In addition, we vary the quality of the
portfolio (quantified by the default probability p, which is for simplicity
kept constant for all names), as well as the number of names M2. The
simulation is set up as follows. First, we generate a normal random
vector Z as well as a uniform variate U independent of Z. Using a vector
of d.o.f. parameters, we can simulate the returns from the explanatory
factors for each of the five models under consideration: Gaussian, t, both
grouped models and the individual one. The weights ωi for the factor
model (5.1) are used to translate those into realizations of particular
companies.
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The above procedure is repeated M3 = 5000 times, so that we end
up with M3 simulated losses for fixed values of p and M2 and for each
of the five models.
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Table 5.4: Economic Capital for competing copula models.

This Table gives the relative increase in competing copula models of
Section 5.1.4 compared to the benchmark value represented by the
Gaussian copula.

Small portfolio (10k) Large portfolio (100k)

quantile quantile
0.95 0.97 0.99 0.95 0.97 0.99

Panel A: Default probability 0.001
t 0.08 6.80 20.85 3.02 4.37 26.26
region 5.49 17.58 23.87 10.81 14.47 30.01
sector 5.52 13.34 28.67 9.61 12.53 30.31
individual 11.14 22.23 38.83 23.36 23.06 40.31

Panel B: Default probability 0.008
t 8.51 8.73 23.94 4.05 6.02 27.14
region 8.49 20.16 33.52 13.93 17.34 32.22
sector 8.44 20.12 29.77 11.58 16.38 32.21
individual 25.13 26.77 52.56 31.31 26.98 42.14

Panel C: Default probability 0.015
t 9.46 9.15 28.44 7.99 16.19 30.30
region 12.68 23.15 43.55 19.40 33.75 40.74
sector 11.80 24.52 49.67 17.99 31.43 42.84
individual 26.39 33.77 58.53 29.47 52.74 71.88

For each model, we can compute the mean, as well as α-quantile,
yielding the values of the Economic Capital for the different models.
Since the multivariate Gaussian is the most popular choice in industry
models (despite its well-known shortcomings), we treat it as a benchmark
and give the EC values for the other models in terms of the relative
increase compared to the Gaussian copula. Apart from the distributional
specification for the underlying factors, we may also be interested in the
behavior of the EC discrepancies as a function of the default probability,
cardinality of the portfolio and the order of the quantile. We report the
results in Table 5.4. As our objective is to investigate the impact of
changing the underlying model binding the risk factors, we make a few
assumptions that allow to isolate the model effect from the specifications
of the EC calculation. First, we assume the Exposure At Default (EAD)
to be constant for all names in the portfolio. Second, we fix Loss Given
Default at 100%, which means that in case of a credit event the entire
exposure is lost. Finally, we take a simplified approach to the weights
ωi in the factor model and fix them for the entire portfolio at 0.5.
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The default probabilities at which we analyze the EC are taken from
the results in Banachewicz et al. [2006]. Those values correspond to the
minimal / maximal value recorded in the empirical U.S. default data, as
well as the mean of the two.

Several regularities can be observed upon closer inspection of the
results. First, obviously all the models listed in the table result in in-
creased EC compared to the Gaussian copula model. The ordinary t
model exhibits smallest jumps, with the two grouped copulas having an
impact of similar magnitude. The “individual” model shows the largest
increase for all parameter combinations.

Second, as could be anticipated, the impact of changing the model
from Gaussian to one allowing for tail dependence grows when we move
further into the tails of the distribution. For most of the cases, the rela-
tive increase at the .99 quantile is almost twice larger than its Gaussian
counterpart for 1 − α = .95, with the jump being smallest around the
.9 quantile.2 This underscores the relevance of accurate tail modeling.
In case of a small portfolio of high yield bonds (represented by a high
default probability p), the EC increases between 30 and 50 % if we move
from a Gaussian model to one of the alternatives which permit extreme
co-movements.

Third, based on the comparison between panels A - C of Table 5.4,
we can also draw certain conclusions about the impact of variation in the
p parameter. With increasing p (i.e. decreasing quality of the portfolio),
we can see that the relative EC increase is becoming larger. The shifts
between A and B (small to medium p) are of similar magnitude as those
between B and C (medium to high p), but no regular pattern can be
established.

Fourth, we can compare the changes in the EC between small and
large portfolios. In order to get a clear comparison and retain realistic
values, we compared portfolios of M2 = 1000 and M2 = 40000 names.
Based on the comparison between the columns in Table 5.4, we can
observe some regularities. First, the effects for small portfolios also hold
for large ones, although it can not be determined conclusively, that the
values for large portfolios are smaller than their counterparts for small
ones. Second, the average increase from panel A to B is smaller than
the increase between B and C for small portfolios. Finally, of the two
grouped copulas, the region one generates bigger EC than the sector
counterpart in large portfolios; this effect is reversed for small portfolios.

We can summarize this by saying, that changing the model for the
joint distribution of the factors affects the EC by increasing it to a

2Those numbers are dropped from the corresponding table for the sake of com-
pactness; the results are available from the authors upon request



104 Grouped Chap. 5

varying degree (depending on the other parameters of the portfolio).
The effect intensifies if we increase the default probability, but there is
no clear pattern for the impact of portfolio size.

5.4. CONCLUSIONS

Concentration risk is of crucial importance for portfolios of credit
risky assets. Ordinary measures like linear correlation are not sufficient
to capture tail behavior of empirical data. In this paper we propose
a new family of multivariate distributions - grouped t copulas. They
combine intuitive interpretation with analytical tractability. The model
is applied to the problem of sector and region based diversification of
stock portfolios and the impact that changes in our copulabased factor
model have on the Economic Capital. We find that both grouped mod-
els provide a significantly better fit than the ordinary Student t copula.
In particular, allowing for tail dependence heterogeneity across sectors
and regions results in substantial increases in Economic Capital. This
has important consequences for risk management and capital buffer de-
termination.


